What do We Know about the Numbers of Benzenoid Isomers?
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The numbers of benzenoid chemical isomers, represented by the formulas C,H,, are reviewed. The

n-"s?

data which have been deduced from the available literature are supplemented.

Introduction

The enumeration and classification of benzenoid
hydrocarbons (or rather their molecular graphs or
benzenoid systems) has become a significant part of
molecular topology; see, e.g. the consolidated report
by fourteen authors [1] with supplementary data [2, 3]
and references cited therein. In most of these works
the number of hexagons (or hexagonal rings) is taken
as the leading parameter. It is usually identified by the
symbol h. Another problem is to enumerate the ben-
zenoids with a given number of carbon atoms (n) and
hydrogen atoms (s) in the chemical formula, viz. C H;.
This is the enumeration of benzenoid isomers, the
topic of the present work. Isomer enumerations have
a long tradition, linked to works of more than hun-
dred years ago. The enumeration of alkane isomers
(CyH, N4 ,) is a relatively well known story; some of
the key references should include Cayley from 1875
[4], Herrmann from 1880 [5], Henze and Blair from
1931 [6], and finally the more recent computer works
of Davis et al. [7] and of Knop et al. [8].

The two problems, enumeration of benzenoids with
h hexagons and the enumeration of C,H, isomers, are
not so much contrasted to each other as it sometimes
may seem, for instance when reading the statement of
Dias [9]: “In this paper, the scope and framework for
achieving this goal [systematically enumerate all pos-
sible polycyclic aromatic hydrocarbons] is defined.
The basis for this framework is the molecular formula
in contrast to the number of hexagonal rings [10].” As
a matter of fact, all benzenoid isomers with a given
molecular formula (C,H,) have the same number of
hexagonal rings (h). Therefore the classes of benzenoid
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isomers form subclasses under the sets of benzenoids
with the same h values. For instance, the benzenoids
with h=4 comprise exactly the isomers of C,¢H,,
C,,H,, and C,gH,,. The subdivision leading to the
classes of benzenoid isomers is treated in detail in a
subsequent section.

So what do we know about the numbers of ben-
zenoid isomers? Quite a lot, in fact. This knowledge is
basically gained from three types of sources:

(a) The scriptures of Dias which contain: an article
series in ten parts [9, 11-19], an early review [20],
a monograph [21], and the most recent papers
[22-24].

(b) Information from other works on classification
and/or enumeration of benzenoids [1-3, 25-28],
wherein the benzenoid isomers are not treated ex-
plicitly. Nevertheless, as we shall see, substantial
amounts of data pertaining to C,H,; may be “hid-
den” in such works.

(c) Own works: a note [29] to one of the Dias papers
[24], and the original contributions of the present
work.

In this paper it is attempted to summarize all the
available knowledge about the numbers of benzenoid
isomers. However, the existing specific enumerations
of 2-factorable benzenoids (incorporating all-ben-
zenoids) [14—-16, 20-22, 24, 30, 31] are not included.
We have also avoided the Dias [13, 15, 20, 21] concept
of strictly pericondensed benzenoids. It should be
noted specifically that helicenic systems are excluded
from the data consistently.

Periodic Table for Benzenoid Hydrocarbons
By the invention of a periodic table, Dias [9] cre-

ated, in an ingenious way, orderness in the chaotic
myriads of chemical formulas for benzenoid hydrocar-
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bons, which may be written. This periodic table has
been reproduced (to different extents) so many times
[8, 9, 11-18, 20, 21] that only a short portion of it
seems to be sufficient to show here; cf. Table 1. Usually
the table is given only for even-numbered carbon
atoms (n even), but we have also included formulas
where n is odd. Thus our table is a fusion of the two
periodic tables given separately in one of the Dias
publications [18]. Furthermore, we have included ben-
zene (C4Hg). The table extends infinitely to the right
and downwards. The formulas are listed in a coordi-
nate system with respect to the number of internal
vertices of the benzenoid system, n; (corresponding to
internal carbon atoms), and the Dias parameter, d,
(see below).

Some Topological Properties

When is a Formula C . H; Compatible
with a Benzenoid Hydrocarbon?

Dias [9] has developed an algorithm for deciding
whether a formula C,H, theoretically is compatible
with a benzenoid hydrocarbon or not. This is not at all
a trivial problem. The Dias algorithm seems to con-
tain an element of empirical knowledge and not to
be proved mathematically. An alternative method
[29, 32] is based on the exact results from a mathemat-
ical analysis of Harary and Harborth [33] and out-
lined in the following.

(i) The possible integer values of n are, 6, 10, 13, 14,
=216,

(i1) Either (a) both n and s are even, or (b) both n and
s are odd.

Table 1. Periodic table for benzenoid hydrocarbons.

d, n,
—2 = 0 1

C6H6 C10H8 C14H10 0

ClBHg C17H11 1

C16H10 CZOHIZ 2

C19Hll C23H13 3

CZZHlZ C26H14 4

C25H13 C29H15 5

C24H12 C28H14 C32H16 6

C27H13 C31H15 C35H17 7

C30H14 C34H16 C38H18 8

C33H15 C37Hl7 C41H19 9

C32H14 C36H16 C40H18 C44H20 10

(iii) When n is given, the possible integer values of s are

2{%(n+\/6-n)}—n§s§n+2—2{%(H—Z)}, (1)

when {x} is used to denote the smallest integer larger
than or equal to x.

Comments to the above rules: (i) The possible in-
teger values of s turn out to be 6, =8. (ii) In case (a)
the benzenoid may be Kekuléan (non-radicalic hydro-
carbon) or non-Kekuléan (a radical). In case (b) the
benzenoid must be non-Kekuléan. (iii) The upper
bound of (1) may be written, when n is even,

%wa+&;n=a1a141&”q

§=
(n/2)+2; n=16, 20, 24, 28, ....

2

The Dias Parameter

The Dias parameter d, [9] (see Table 1) is an invari-
ant for benzenoid systems and defined in terms of
other invariants by

d;=h—n,—2=(n,/2)—h—3. 3)

Here n; is the number of internal vertices (see also
Table 1), while n, is the number of external vertices,
also equal to the length of the perimeter (boundary) of
the benzenoid. Dias [9] interpreted the invariant d; as
the number of tree disconnections of internal edges.
Examples:

d;=0 dg=1 dg=2

Negative values of d, indicate tree connections. This
phenomenon occurs for the first time (at h=7) for
coronene, where six of the internal edges form a cycle
(see the illustration below). It should be noted that d;
actually indicates the net number between disconnec-
tions and connections [20]; cf. the case of benzo[a]-
coronene below.

X%

dy=-1 d,=0
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How to Find the Place of C,H; in the Periodic Table?

Known connections between different invariants of
benzenoids [8, 9, 12, 21, 32, 33] give readily the coordi-
nates (dg, n;) in terms of the numbers n and s of the
chemical formula as

n=n—2s5+6, d,=3(3s—n)—7. 4)

Other Relations Between Benzenoid Invariants
Otbher invariants for a benzenoid C,H; are given by
h=3(mn—s)+1, n,=2s—6. %)
If n, is written as
n,=s+t, (6)

where t denotes the number of external vertices of
degree 3 (tertiary carbon atoms on the perimeter),
then the relation

t=s—6 )

emerges immediately on combining (6) and the last
part of (5). Dias [9] conducted an inductive proof ex-
clusively for (7).

It is also useful to have ready formulas for n and s
in terms of other invariants. It is easily found that

n=4h—n,+2, s=2h—n;+4, (®)

n=2h+(n./2)+1, s=(n./2)+3 9)
and

n=3n+4d,+10, s=n,+2d,+8. (10)

Finally we give the relation
h=n+d,+2,
cf. also (3).

(11)

The Three Sources for Numbers of Benzenoid Isomers

Here it is referred to the points (a), (b) and (c) of the
Introduction.

(a) Scriptures of Dias

The relevant publications of Dias [9,11-24] are a
pioneering work in the treatment of benzenoid iso-
mers and should be of great interest for chemists.
However, the author has repeatedly stressed that his
numbers are tentative, omissions may occur, or mis-
takes are unavoidable. We have found that the enu-
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meration results in general should not be accepted
without criticism.

An error in the Dias numbers for benzenoid isomers
seems first to have been noticed by Knop et al. [35].
We have examined critically all the relevant data of
Dias, and one of us [29] has specified a number of
errors. In the present work these incorrect numbers
are simply omitted from the subsequent tables.

(b) Hidden Information in Enumeration Data

An enumeration and classification of the ben-
zenoids according to h and n; gives precise informa-
tion about numbers of C,H, isomers. Knop et al. [8]
were perfectly well aware of this fact when they com-
pared some Dias numbers to their own. Equation (8)
gives the pertinent relations between the pairs of in-
variants (h, n;) and (n, s).

The same information is obtained from an enumer-
ation and classification according to h and n., as was
pointed out elsewhere [32]. In this case (9) is relevant.
In the extensive computations of Stojmenovic et al.
[27] the benzenoids are classified by (h, n,).

(c¢) Present Work

A computer program was designed for the enumer-
ation of benzenoid isomers (C,H;) on the basis of the
invariants h and n;. Furthermore, each set of isomers
was subjected to the neo classification [1, 32, 36]
(n=normal, e=essentially disconnected, o=non-
Kekuléan benzenoids), where the non-Kekuléan sys-
tems were subdivided according to their color excess
(4 value). There are several possibilities to check the
correctness of our results. First of all, we have the
extensive data of Stojmenovic et al. [27], which give
total numbers of benzenoid isomers. These data are
supposed to be completely reliable. They were ob-
tained by computer programming, and all numbers
for h=<10 agree with those of Knop et al. [8, 25], who
classified the benzenoids according to (h, n;). Next, a
substantial amount of data exists for the numbers of
benzenoids with given values of h and 4 [1-3].

In addition, we have used some of the same meth-
ods as Dias [13, 15], taking advantage of the excised
internal structures.

Presentation of Tables

Table 2 gives the full listing of the numbers of ben-
zenoid isomers for h <10 with the classifications spec-
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Table 2. Numbers of benzenoid chemical isomers; h < 10.

h n; d, Formula 4=0 o (non-Kekuléan) Total
isomers *
n e Total A=1 2 3 Total
Kek. non-Kek.
1 0 —1 C¢Hg 1° 1 1
2 0 0 CioHg 12 1 1
0 1 CisHio 22 2 2
1 0 CisH, 0 0 1o 1< 1
4 0 2 CisH;» 5 > )
1 1 C,,H,, 0 0 ik 1€ 1
2 0 CieHio 1 14 0 0 1
5 0 3 C,,H,, 122 12 12
1 2 C,Hys 0 0 6° 6°¢ 6
2 1 20H 12 2 1 34 0 0 3
3 0 10H 1 0 0 0 1t 1® 1
6 0 4 CosHs 36°¢ 36 36
1 3 CysH, 5 0 0 24 24¢ 24
2 2 CoHis 10 3 134 0 1® 1¢ 14
3 1 C,5H 5 0 0 0 4 0 4¢ 4
4 0 C,Hs 2 0 29 0 1t 1* 3
7 0 5 C;oHy5 118f 118 118
1 4 - 0 0 106 106°¢ 106
2 3 2eH16 40 22 62°¢ 0 6° 6° 68
3 2 = 0 0 0 25 0 25¢ 25
4 1 6 8 1 94 0 1,° 1¢ 10
5 0 2sH 13 0 0 0 3 0 3 3
6 —1 CsH;is 1 0 1 0 0 0 1
8 0 6 Cs4Hs5 411° 411 411
1 S Ca3Hig 0 0 453 453¢ 453
2 4 C;,H g 180 107 287°¢ 0 42" 42°¢ 329
3 3 CyH,, 0 0 0 144 0 144¢ 144
4 2 CipHie 45 13 58¢ 0 9® 9¢ 67
5 1 . 0 0 0 21 0 21° 21
6 0 2sH 14 7 1 84 0 1 e 9
T —1 = 0 0 0 1 0 il 1
9 0 7 CysHs; 1489 1489 1489
1 6 o 0 0 1966 1966 1966
2 5 16H 20 777 575 1352.% 0 249 249¢ 1601
3 4 CysHis 0 0 0 823 0 20 825¢ 825
4 3 Cs.H 5 225 108 333¢ 0 63 0 63°¢ 396
5 2 Ci3H,, 0 0 0 153 0 it 154¢ 154
6 1 Ci,H, 6 37 9 46¢ 0 9 0 9¢ 55
7 0 Cy,H s 0 0 0 15 0 0 15¢ 15
8 —1 CyoH s 3 0 3¢ 0 1 0 1® 4
10 0 8 CiHoy 5572f 5572 5572
1 7 a1 Has 0 0 8395 8395 8395
2 6 Ciolas 3403 2853 6256 0 1396 1396 7652
3 5 20H 21 0 0 0 4491 0 27> 4518 4518
4 4 Cy4H,, 1132 775 1907 0 433 0 433 2340
5 3 Cy,H,, 0 0 0 1007 0 11® 1018 1018
6 2 CieH, 5 236 101 337 0 79 0 79 416
7 1 CysHy, 0 0 0 123 0 0 123 123
8 0 CiqiHiz 31 3 34¢ 0 8 0 8¢ 42
9 —1 C,y3H, 0 0 0 8 0 1® gh 9
10 -2 C;,H,, 1 0 1* 0 0 0 0 1

* From Knop et al. (1983) [25].

 Catacondensed hydrocarbons without helicenic systems: Balaban and Harary (1968)[10]; ® Brunvoll et al. (1988) [3]; < Knop
et al. (1985) [8] ; ¢ Dias (1982) [9], incorrect data are omitted; € Dias (1984) [15], incorrect data are omitted;  Catacondensed
hydrocarbons without helicenic systems: Knop et al. (1983) [25]; # Cyvin in press [29]; " Dias (1986) [18], incorrect data are
omitted.
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ified above. Table 3 shows the total numbers of ben-
zenoid C H, isomers as far as they are known, without
further classification. For many of these entries, when
they are not too large, the classifications have been
worked out (without computer aid). These results are
presented in Table 4.

One-Isomer and Few-Isomer Series
One-Isomer Series

When certain forms of benzenoids are considered
one may give the number of chemical isomers for
infinitely large benzenoids.

Already in his early paper Dias [11] described
the one-isomer formulas C¢H¢, C,,H,,, C5,H g,
Co6H,4, Ci5oH3o, --. - They pertain to benzene, coro-
nene, circumcoronene, dicircumcoronene, tricircum-
coronene, etc. Let us consider in a more general way
the j-circumbenzenes, where j =0 corresponds to what
we shall call the ground form (not being circum-
scribed), in the present case benzene; cf. Figure 1.
Then j=1 gives coronene, j =2 circumcoronene, etc. A
simple combinatorial analysis gave the general for-
mula: (j-circumbenzene) Cg ;. y2Hg(;j+1); see also
Dias [37]. The relevant invariants in terms of j were
found to be

h=3j24+3j+1,
d9=-3j2+3j—1.

nP=6j2, (12)

(13)

Dias [12] observed that the d; value (with negative
sign) corresponds to the number of hexagons of the
prior member of the series. In our notation this means
—dY*Y=pU This feature is indeed verified on sub-
stituting j with j+1 in (13). We shall see in a subse-
quent section that this is a quite general phenomenon
for circumscribed benzenoids.

Two additional one-isomer series were also detected
by Dias [13, 15], in which the ground forms are naph-
thalene and pyrene; cf. Figure 1. In the former case
one has C,Hg, C3,H 4, Co6H 10, Cy1,H,6, Cy70Has,
... pertaining to naphthalene, ovalene (circumnaph-
thalene), circumovalene (dicircumnaphthalene), tricir-
cumnaphthalene, tetracircumnaphthalene, etc. In the
latter case, C,H,¢; C42H165 CsoHzzs CraoHass ---
are the benzenoids pyrene, circumpyrene, dicircum-
pyrene, tricircumpyrene, etc. Also in these cases the
general formula and expressions for the relevant in-
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variants were worked out (see also Dias [37]):

(j-circumnaphthalene) C, 32485+ 5)Hz3j+44):
hP=(G+1)(3j+2), nP=2j3j+2),
dP=—3j2+j.

(14)

(15)

(j-circumpyrene) C 4 2344/ Hz 35+ 5)
hM=3G+1)3j+4), nP=2(j+1)3j+1), (16)
di=—3j2—j. (17)

The three one-isomer series described above yield
Kekuléan benzenoids, which all are normal. Dias [18]
found also three one-isomer series for non-Kekuléan
benzenoids (with 4=1). They are the polycircum-
phenalenes (C3H,, C3,H, 5, C73H,y, CipHas, -00),
polycircumnaphthanthrenes  (C,oH,,, C,,H,,
Cq-H, 3, C 39H,,, ...) and polycircumbenzo [bc]coro-
nenes (C,,H;;, CsoHyo, Cio3Hss, CysoHj,y). The
ground forms are shown in Figure 1.

Few-Isomer Series

Dias [15] pursued the idea of circumscribing ben-
zenoids in order to produce isomer series, but now
with more than one form for each chemical formula.
Figure 2 shows the ground forms of six such few-iso-
mer series, listed systematically by increasing numbers
of hexagons (h). Two of the series, viz. for h=11 and
h=15, are supplements [18] to those which first were
given by Dias [15]. The series are briefly described in
the following.

h=6: C,,H;,, Cs;Hy s, CosHyy, CragHsos- 5

each formula representing 2 Kekuléan (normal) ben-
zenoids + 1 non-Kekuléan (4=2).

h=9: Cj3oHi4, CesHzo, Cr10Ha6s CresHaas -
3 Kekuléan (normal) +1 non-Kekuléan (4=2).
h=11: C;sH,s, C;yHyy, CyioHys, 0
2 non-Kekuléans (4=1).
h=13: C,oH;e, C7sHsz, CiasHos, -5
3 Kekuléans (normal) + 1 non-Kekuléan (4=2).
CusHyq, CgsHys, Cy37Hyo, .05
4 non-Kekuléans (4=1).
h=17: CsH,5, Co;H,,, Cii6Ha0s -3

h=15:

7 Kekuléans (normal) + 2 non-Kekuléans (4 =2).



Table 3. Total numbers of benzenoid chemical isomers for h=11. The listing is incomplete for h>12.

h n; d, Formula  Total isomers h n; d, Formula  Total isomers h n; d, Formula  Total isomers
1" 0 9 I 21 115° 14 1 CseH,, 148 430 26 30 —6 C,6H, 414 305
1 8 L ¥l 35 885 15 0 e 46 166 3 -7 CosH e 89 288
- 7 € ratlze 36 109 16 —1 - 13286 32 -8 CoaHsy 16 114
3 6 € s Pl 24020 7 -2 CysHy 3414 33 -9 C,,H,, 2146
4 5 C,oHy, 13 415 R == - 763 34 —10 C,,H,, 156
5 4 C, H,, 6 405 19 —4 o Hio 117 35 ~11 C, H;, 2
R .
7 B =7 3
8 I CwH. 333 18 14 2 CgH,e 1262442 3 _g 8;32; ks
9 0  CyHy, 100 15 1 CsoH,s 424 429 34 -9  C,H 10 313
10 —1 C,,H 26 16 0 . .H 133713 35 10 oo 10
o2 CclH 2 7 -1 ChHL 39183 % 11 cloHD "a
12 0 10 CyH 81 121%° 18 =2 Lty e 31 -12 Gy Hy, 1
1 9 CooHa  152688" 13 =3 Tl ety ‘
2 8  CyHo 168 318 0 3 Gepe - 28 34 —8  CyHp 240218
3 7 C,.H 124 119 B 537119 35 —9 C,oH 43 833
i 6 Cul 74 985 M —8 Gyl 3 36 —10  CoHa 6214
5 5 CysHys 38727 19 16 1 Ce,H,e 1223950 37 -1 C;,Hys 509
6 4 oo 18 306 17 0 Co,Hos 388 180 38 —12 C,6H,, 16
7 3 Cu3H,, 7375 18 —1 CeoHsy 116 648
8 2 CyHy 2713 19 =2 C.oH,, 32042 29 36 -9 Cg,H 6 174 603
9 1 CyHyo 878 20 -3 C.sH;, 7 885 37 —10 Cq Hjs 29 029
10 0 CaoH g 279 21 —4 C,.Hj, 1647 8 =11 CgoHs 3456
}; —; gsogn ?; 2 =5 C,sH3o 256 ig —g %"S“ 201
== 38516 23 —6 CssHyo 18 . 28H 2,
13 =3 C,.H, s 1 24 7 CeaH iz 1
13 4 7 C,soH, 408 785 30 38 —10 CgsHye 123 790
5 6 C42H22 226 837 20 ig _(1) C64226 1 ;3(5) g%z 39 -1 Cg3H,5 18 198
6 5 Coalls 114 326 631725 40 =12 Cg,Hy, 1799
To 20 -2 Co2H, 97 607 41 —13 CgH 68
7 4 Ci7:Hs, 50 405 811123
21 -3 CeyHy 25050 42 —14 1
8 3 GyeH 20 119 3 80f122
5 3 b T 7253 2 —4 L 5726
a5 21 23 -5 H 1009
10 1 C,4H,, 2459 % —6 g“’H“ 129 31 40 -1 CgeH, 84 207
}; (1) g“gw Zgg 5% 7 CoHY 4 4 —12 oo T 10 886
= 42 -13 H 825
3 -2 CyHy, 35 20 20 1 C.H 1029 521 43 —14 wsHs 20
14 =3 CuHye 4 21 —2  CuHae 296025
14 6 6 Cs,H, 691 933 2 -3 Ce.H,, 79 472 32 492 -12 Coellss 55451
7 5 Co Mz 328 592 23 —4 CesHoy 18 876 43 —13 Cetloe 6042
8 4 CssHay 141 268 24 -5 Ce,H,, 3838 4 —14 CgeHou 344
9 3 CaoH,y 55124 25 =6 Ce H3, 587 45 —15 Catlen 4

YL

1odoy
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Table 4. Numbers of selected benzenoid isomers for h>11.

h n; d, Formula 4=0 o (non-Kekuléan)
n e Total 4=1 2 3 4 Total
Kek. non-Kek.
1 10 =] CaoH o 18 2 20° 0 6 0 6
1 i CoH, s 0 0 0 2 0 0 2t
12 12 -3 CygH,y 10 0 10¢ 0 3 0 0 4
13 —3 Cy-H,, 0 0 0 1 0 0 0 1v
13 13 =2 CiiHi5 0 0 0 34 0 1 0 35
14 - CaoH e 3 0 3¢ 0 1 0 0 10
14 15 - C.,H,, 0 0 0 15 0 1 0 16
16 —4 CooHyy 1 0 e 0 0 0 0 0
15 16 -3 CisHis 47 2 49 0 20 0 1 21
17 —4 C,H,, 0 0 0 4 0 0 0 4
16 18 4 C.sH s 22 0 22¢ 0 8 0 0 g®
19 - C,-H,, 0 0 0 1 0 0 0 1®
17 20 - CyoHys 7 0 7¢ 0 2 0 0 2%
18 2 5 CqH g 2 0 2¢ 0 1 0 0 ¢
19 23 - et 0 0 0 17 0 1 0 18
24 =7 e 1 0 1¢ 0 0 0 0 0
20 25 - [+ - 0 0 0 4 0 0 0 4*
21 26 =il CeoHao 32 0 32 0 15 0 0 15
27 8 Custlis 0 0 0 1 0 0 0 1°
22 28 - Ce,H,o 12 0 12¢ 0 4 0 0 4
23 30 -9 CesHoo 3 0 3¢ 0 1 0 0 1¢
24 32 ~10 CeHsp 1 0 e 0 0 0 0 0
25 33 —-10 CeoH i 0 0 0 12 0 1 0 13
26 35 —1i C,,H,, 0 0 0 2 0 0 0 2
27 37 —12 C,5H,, 0 0 0 1 0 0 0 1°
28 38 —12 C, Hj, 12 0 12 0 4 0 0 4
29 40 —13 C,sHj, 3 0 3¢ 0 1 0 0 1¢
30 42 —14 CyoHss 1 0 1¢ 0 0 0 0 0
31 43 —14 Ce;Hos 0 0 0 19 0 1 0 20
32 45 15 CycHos 0 0 0 4 0 0 0 4
33 47 —16 Cy.Hs, 0 0 0 1 0 0 0 i
34 48 —16 CooHsy 27 0 27 0 12 0 0 12
35 50 =iy okl 7 0 7¢ 0 2 0 0 3¢
36 52 —18 CozHoy 2 0 2° 0 1 0 0 1~
37 54 —19 CocHs, 1 0 14 0 0 0 0 0
38 55 —19 CooH,s 0 0 0 19 0 1 0 20
39 57 —20 C,0.H,s 0 0 0 4 0 0 0 4®
40 59 ~21 Costlas 0 0 0 1 0 0 0 1°
41 60 ~21 CrosH2e 38 0 38 0 19 0 0 19
42 62 —22 CrosH3e 12 0 12 0 4 0 0 4
43 64 23 Crrotlze 3 0 3¢ 0 1 0 0 ¢
44 66 24 C,1,Hje 1 0 1° 0 0 0 0 0
* Dias (1987) [21]; ® Dias (1986) [18]; ¢ Dias (1984) [15]; ¢ Dias (1982) [11].
General Formulations [32, 38]. The two smallest benzenoids of this kind are

We shall give formulas of invariants for benzenoids epictst Telome

during their circumscribing with hexagons in a quite cove
general sense. But first we wish to point out that an J
arbitrary benzenoid B can not always be circum-

scribed to give a larger circumbenzenoid. The most

obvious cases are those when B has a cove or a fjord

fjord —=
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(circum)benzene

(circum)pyrene

(circum)naphthalene

(circum)naphthanthrene

(circum)phenalene

(circum)benzo[be]coronene

Fig. 1. Ground forms of the one-isomer benzenoid series as white hexagons, circumscribed by grey hexagons.

The occurrence of a cove or a fjord is sufficient to
make that B can not be circumscribed. However, it is
not a necessary condition. Benzenoids without coves
and fjords can be constructed so that they can not be
circumscribed. This feature is demonstrated by the
below example. The two-carbon gap criterion given
by Dias [15, 18] is a sufficient and necessary condition.

Assume now that a benzenoid B can be circum-
scribed with hexagons, yielding the larger benzenoid
B’. We shall find the relevant invariants of B in terms
of those of B. The clue to the solution of this problem
emerges from two facts: (i) the totality of vertices (cor-
responding to carbon atoms) in B become the internal
vertices of B’; (ii) the number of vertices of degree 2
(corresponding to hydrogen atoms) increase by 6 from
B to B'.

As a result one obtains the recursive formulas
hW=3h—n;+4,
d,=—h.

n;=n=4h—n;+2, (18)

(19)

Equation (19) proves the phenomenon which was de-
scribed under “polycircumbenzenes”; see after (13).
The chemical formulas may be derived in a recursive
way according to

Cn's'ECn+Zs+6Hs+6’

Cn"s"_=‘Cn/+25'+6HS’+GECn+4s+24Hs+12‘

Conclusion

The present paper shows the state of art with regard
to benzenoid isomer enumerations. Much more work
can still be done in this field. A quotation from Knop
et al. [8] is relevant in this connection:

“The Dias method obviously becomes very compli-
cated for systems with many isomeric forms because of
the enormous combinatorial possibilities. However, if
combined with our computer procedure [25], it can be



8L

h=15  C,.H .,
ho=6
CyaH12 %

n n 0(a=2)
o(a=1) o(a=1) o(Aa=1) o(a=1)
h=9 ho=17
5 n n 0(A=2)
Csoll18
ho=1l
Cistys
n =
3
o(4=1) o(a=1) 2
s % Eiii % C%) E E g ]i ;MA@)
n n 0(A=2)

n

Fig. 2. Ground forms of some few-isomer benzenoid series. Abbreviations: n normal; o non-Kekuléan
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used for an efficient generation of all isomeric cata-
fused and peri-fused (with an even number of internal
vertices) benzenoid hydrocarbons of a particular CH
composition.”
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